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1. Introduction

A key part of the proof of Grothendieck’s vanishing theorem of sheaf cohomology on a Noetherian
topological space (see [Sta15, Tag 02UZ] for Grothendieck’s theorem) can be summarized in the
following result. We state it word for word from [Sta15], although a more general version may be
found in [Gro57, Proposition 3.6.1].

Theorem 1.1. [Sta15, Tag 02UX] Let X be a topological space. Let d ≥ 0 be an integer. Assume
(1) X is quasi-compact,
(2) the quasi-compact opens form a basis for X, and
(3) the intersection of two quasi-compact opens is quasi-compact.
(4) Hp(X, j!ZU ) = 0 for all p > d and any quasi-compact open j : U → X.

Then Hp(X,F) = 0 for all p > d and any abelian sheaf F on X.

The goal of this note is to give an example for which Theorem 1.1 fails if we only relax the
hypothesis that X is quasi-compact (Propositions 2.3 and 3.1). This example emerged from the
author’s investigation on local cohomology of valuation rings [Dat16]. In particular, some results
from [Dat16, Sections 6, 7] are reproduced below without citation. Any other outside result we use is
accompanied by a proper reference.

2. Preliminaries

The space in our example is going to be the complement of the closed point of the spectrum of
a valuation ring (a.k.a. punctured spectrum). The spectrum of such a ring has peculiar topological
properties, all of which ultimately stem from the fact that the set of ideals of a valuation ring is totally
ordered by inclusion. Here are a few that will be of relevance to us.

Lemma 2.1. Let V be a valuation ring.
(1) Any non-empty closed subset of Spec(V) is irreducible.
(2) An open subset U ⊆ Spec(V ) is quasi-compact if and only if there exists f ∈ V such that

U = D(f). In particular, any affine open subscheme of Spec(V) is of the form D(f).
(3) If V has finite Krull dimension, then any open subscheme of Spec(V ) is affine.

Proof. (1) follows from the fact that in a valuation ring, any radical ideal is a prime ideal or the whole
ring. That a proper radical ideal I ( V is a prime ideal follows easily from the fact that the prime
ideals that contain I are totally ordered by inclusion.

For (2), the ‘if’ part is clear. On the other hand, if U is a quasi-compact open subscheme of
Spec(V ), then there exist f1, . . . , fn ∈ V such that U = D(f1) ∪ · · · ∪D(fn). Since the open subsets
of Spec(V ) are totally ordered by inclusion, U must equal D(fi) for some i. Quasi-compactness of
affine opens now gives us the second statement of (2).

(3) is a consequence of (2). If V has finite Krull dimension, the underlying set of Spec(V ) is finite.
Hence any open subscheme of Spec(V ) is quasi-compact, thus affine by (2). �
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Remark 2.2. If X is any open subscheme of Spec(V ), for a valuation ring V , then every closed subset
of X is irreducible because the same property holds for closed subsets of Spec(V ) by Lemma 2.1(1).

As a consequence of Lemma 2.1, it follows that any open subscheme of the spectrum of a valuation
ring satisfies properties (2)-(4) of Theorem 1.1.

Proposition 2.3. Let V be a valuation ring. Let X be an open subscheme of Spec(V ). Then X
satisfies the following properties:

(a) the quasi-compact opens form a basis for X, and
(b) the intersection of two quasi-compact opens is quasi-compact.
(c) Hp(X, j!ZU ) = 0 for all p > 0 and any quasi-compact open j : U → X.

Proof. X satisfies (a) because Spec(V ) has a basis of quasi-compact open sets, namely the distin-
guished affine opens D(f), for f ∈ V . Any quasi-compact open of X is a quasi-compact open of
Spec(V ), hence of the form D(f) by Lemma 2.1(2). Then X clearly satisfies (b).

The most involved part of this proposition is proving thatX satisfies (c). We show thatHp(X, j!ZU ) =
0 for all p > 0 and any open j : U → X (so not just for a quasi-compact open of X). We note that
non-empty open and closed subsets of X are irreducible. The irreducibility of closed subsets follows
from Remark 2.2, and open sets are irreducible because X is itself irreducible (X is an open subset of
Spec(V ) which is irreducible).

When U = X, the result clearly holds because j!ZU = ZX is then a constant sheaf on X by
irreducibility, and we know that constant sheaves have vanishing cohomology in degrees ≥ 1 ([Har77,
Proposition III.2.5]). So let U ( X, and Z be the complement of U in X. Let i : Z ↪→ X be the
inclusion map, and i∗ZZ be the pushforward of the constant sheaf ZZ on Z. Then we get a well-known
short exact sequence of sheaves of abelian groups on X

0→ j!ZU → ZX → i∗ZZ → 0.

Since Z is closed, [Har77, Lemma 2.10] tells us that Hi(X, i∗ZZ) ∼= Hi(Z,ZZ) for all i ≥ 0, and
because ZZ is constant on Z, we get Hi(X, i∗ZZ) = 0 for all i ≥ 1.

From the long exact sequence in cohomology induced by the above short-exact sequence, and the
vanishing of Hi(X,ZX) for i ≥ 1, we immediately get that for i ≥ 2,

Hi(X, j!ZU ) = 0.

For i = 1, we look at the exact sequence

0→ Γ(X, j!ZU )→ Z idZ−−→ Z→ H1(X, j!ZU )→ 0,

to conclude that H1(X, j!ZU ) must also vanish. This completes the proof of (c). �

Remark 2.4. In particular, Proposition 2.3 shows that an open subscheme of Spec(V ) satisfies
Theorem 1.1(4) for d = 0.

3. The example

As mentioned in section 2, our non-quasi-compact space that satisfies properties (2)-(4) of Theorem
1.1, but violates its conclusion will be the punctured spectrum of a valuation ring. Lemma 2.1(3) tells
us that the valuation ring we pick cannot have finite Krull dimension for then the punctured spectrum
is going to be quasi-compact (in fact, even affine). Perhaps one of the easiest examples of a valuation
ring of infinite Krull dimension is the one we are about to give.

Let
K := C(X1, X2, X3, . . . , Xn, . . . ),
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where the Xn are indeterminates for all n ∈ N. Let

G :=
⊕
n∈N

Z,

ordered lexicographically. The ith standard Z-basis element of G will be denoted ei. So in the
lexicographical ordering,

ei > ej if and only if i < j.

There exists a unique valuation v on K/C (i.e. the non-zero elements of C have value 0) with value
group G such that v(Xi) = ei. Let V be the corresponding valuation ring, and m the maximal ideal
of V . Since we have used the letter X for indeterminates, we let Y denote the punctured spectrum of
V . That is,

Y := Spec(V )− {m}.

By Proposition 2.3, Y satisfies properties (2), (3) and (4) for d = 0 of Theorem 1.1. However, we
show that the conclusion of Theorem 1.1 is violated even for the structure sheaf of Y .

Proposition 3.1. Let V be the valuation ring constructed above, with maximal ideal m. Let Y be the
punctured spectrum of V . Then

(1) Y is not quasi-compact, and
(2) H1(Y,OY ) 6= 0.

Hence Y violates the conclusion of Theorem 1.1.

Proof. It is easy to verify that
m = (X1, X2, X3, . . . ).

Therefore, the punctured spectrum Y has an open cover {D(Xn)}n∈N. Since Xn+1 divides Xn, we
also have

(3.1.0.1) D(X1) ⊆ D(X2) ⊆ D(X3) ⊆ . . . .

Let
Pn := radical of the ideal (Xn).

Then Pn is prime by proof of Lemma 2.1(1), and using the definition of the valuation v giving the
ring V , for all k ∈ N,

v(Xk
n+1) < v(Xn).

Thus, Xn+1 is not an element of Pn, and so, Pn ∈ D(Xn+1) but Pn /∈ D(Xn). This shows that the
containments in 3.1.0.1 are strict. Since Y cannot equal D(Xn) for any n, it follows that the open
cover {D(Xn)}n∈N cannot have a finite cover, proving (1).

(2) Let K be the fraction field of V , and let K̃ denote the constant sheaf of rational functions on
Y (it is constant because Y is irreducible). Note that OY may be identified as a subsheaf of K̃, and
we make this identification. We get a short exact sequence of quasi-coherent sheaves of OY -modules

0→ OY → K̃ → K̃/OY → 0.

This gives a corresponding long-exact sequence in cohomology whose initial terms are

(3.1.0.2) 0→ OY (Y )→ K → K̃/OY (Y )→ H1(Y,OY )→ H1(Y, K̃)→ . . . .

To prove that H1(Y,OY ) 6= 0, it suffices to show that the map K → (K̃/OY )(Y ) is not surjective.
For this we need to develop a better understanding of the OY (Y )-module (K̃/OY )(Y ).

Claim 3.2. (K̃/OY )(Y ) is the limit (a.k.a inverse limit) of the diagram

· · ·� K

VX3

�
K

VX2

�
K

VX1

.
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The proof of the claim is not difficult, but to prevent breaking the flow we postpone it to a Lemma
immediately following the proof of this proposition. Note that

K/VXn = (K̃/OY )(D(Xn)).

It is easy to check that
K → (K̃/OY )(Y )

is the unique map such that for all n ∈ N,

K → (K̃/OY )(Y )
resYD(Xn)−−−−−−→ K/VXn

= K � K/VXn
,

where K � K/VXn
is the usual quotient map. We now explicitly construct an element of the limit of

· · ·� K

VX3

�
K

VX2

�
K

VX1

which cannot be in the image of K. This will show that K → (K̃/OY )(Y ) is not surjective, completing
the proof of (2).

For n ≥ 2, it is clear that
X−11 , . . . , X−1n−1 /∈ VXn

.

At the same time X−1i is an element of VXn for all i ≥ n. Define

α1 := 0,

and
αn := class of X−11 + · · ·+X−1n−1 in K/Xn,

for all n ≥ 2. Then
(α1, α2, α3, . . . ) ∈ limn∈NK/VXn .

Assume for contradiction that (α1, α2, α3, . . . ) is the image of some α ∈ K. Now α must be an element
of C(X1, . . . , Xn), for some n large enough. By our assumption,

α− αn+2 = α− (X−11 + · · ·+X−1n+1) ∈ VXn+2 .

Note α−X−11 −· · ·−X−1n is also an element of field C(X1, . . . , Xn), and either α−X−11 −· · ·−X−1n = 0
or v(α−X−11 − · · · −X−1n ) 6= v(X−1n+1). We cannot have α−X−11 − · · · −X−1n = 0, because X−1n+1 is
not an element of VXn+2

. Thus,

v(α−X−11 − · · · −X−1n ) 6= v(X−1n+1).

Since v is a valuation, this tells us that

v
(
α− (X−11 + · · ·+X−1n+1)

)
= min{v(α−X−11 − · · · −X−1n ), v(X−1n+1)}.

In particular, v(α− (X−11 + · · ·+X−1n+1)) ≤ v(X−1n+1), and so for all k ∈ N ∪ {0} we must have

v

(
Xk

n+2

(
α− (X−11 + · · ·+X−1n+1)

))
≤ v(Xk

n+2X
−1
n+1) < 0.

But this contradicts
α− (X−11 + · · ·+X−1n+1)

being an element of VXn+2 . �

To complete the proof of the above proposition, we now prove Claim 3.2 made during the course
of the proof.
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Proof of Claim 3.2. Let A be the partially ordered set whose elements are open subsets of the form
D(f) contained in the punctured spectrum Y , and where the order relation is given by inclusion. In
fact, A is totally ordered by this relation, hence in particular also a directed set. If D(g) ⊆ D(f) ⊂ U ,
then we have a natural map

K

OY (D(f))
�

K

OY (D(g))
,

induced by the restriction map OY (D(f)) ↪→ OY (D(g)). This is the data of an inverse system on A.
It is well-known that

(K̃/OY )(Y ) = limA(K̃/OY )(D(f)) = limAK/
(
OY (D(f))

)
.

Let I be the subset of A consisting of the open sets D(Xn) for n ∈ N. Recall it was shown in
Proposition 3.1(1) that Y =

⋃
n∈ND(Xn). Then I is cofinal in A. This is because if D(f) is any open

set contained in Y , there has to exist an Xi such that D(f) ⊆ D(Xi). Otherwise, D(Xn) ⊆ D(f) for
all n since any two open subsets of Spec(V ) are comparable, and so, D(f) = Y . This contradicts the
non-quasi-compactness of Y (Proposition 3.1(1)). From the cofinality of I it follows that

limAK/(OY (D(f))) = limIK/(OY (D(Xn))).

But the latter is precisely the limit of

· · ·� K

VX3

�
K

VX2

�
K

VX1

.

�
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